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1. Impedances in Series  

Example: Find ZIN 

 
 

1.1 By calculation 

ZIN = Z1 + ZL = (20-j70)Ω +(50 +j30)Ω = (70-j40)Ω = 80.6 <-29,7° Ω. 
 

1.2 Using Smith Chart 

- Normalize ; ZL’= ZL/50, Z1’= Z1/50, 
- ZL’=1+ j0,6Ω ->find point on the Smith chart. 
- Z1’=0,4- j1,4Ω (resistance and capacitance in series) 

o on a constant resistance circle, from ZL’, rotate counterclockwise 1,4 units to add 
series C 

o on a constant reactance arc, move 0,4 units to add a series R 
- Convert back to system impedance 
- ZIN=( 50 x 1,4)Ω + (50 x-j0,8)Ω = 70-j40Ω 

 
 

 
 

Kuva 1: Impedances in Series  
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2. Impedances in Parallel 

Example: Find ZIN 

 
 

2.1 By calculation 

    
 

 
  

 
 
  

 
 

 
     

 
      

 
 

 
        

 
           

 

 
 

          
 

 

              
 

 

                        
 

 
 

              
 

 

            
                          

 

2.2 Using Smith Chart 

 
- Normalize ; ZL’= ZL/50, Z1’= Z1/50, 
- ZL’=1+ j0,6Ω ->find point on the Smith chart. 
- Find  1/ZL’ = YL’ on the smith chart by “mirroring” 
- Z1’=- j1,4Ω - > Calculate Y1 = 1/1,4    = 0+j0,71S 

o On a constant conductance circle, from Y1 rotate clockwise 0,71 units to arrive at YL 
- Convert to ZL =1,19 –j0,45 by “mirroring” 
- Convert back to system impedance 
- ZIN=( 50 x 1,19)Ω + (50 x-j0,45)Ω ≈ 59,7-j22,3Ω 
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Kuva 2:Impedances in Parallel 

 

3. Lossless transmission line, terminated with an arbitrary impedance 

3.1 Example:  

 
 Find ZIN, IIN, VL , IL , VSWR as a ratio and in dB, return loss in dB, complex voltage/current reflection 
coefficient and power reflection coefficient at load of the following circuit. Transmission line which 
length is λ/8 is assumed to be lossless. System impedance is 50Ω. 
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3.2 By calculation 

 
Input impedance for a lossless transmission line terminated with a complex  impedance is 
 

      
           

           
 

Kaava 1 

where 
 
Z0 = system impedance; 
ZL = load impedance; 
β = wave number = 2π/λ; 
λ= wavelength;  
D = length of transmission line; 
 
Wavelength is 

  
  

 
 

Where 
 
vp = Speed of propagation in the transmission line; 
f = Frequency; 
 
 

       
               

 
  

                
 
  

   
      

         
 
          

      
 
          

           

                            
and 

    
   
   

 
      

           
              

 
Wave functions for voltage and current as function of distance z (z=0 at generator side of the 
line) in lossless transmission line are 
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Where 
 
V+ = forward propagating voltage wave 
V- =backward propagating voltage wave 
 
at z=0 voltage and current must be 
 

                   

         
  

  
 
  

  
             

 
 
Solve V(0) and I(0) from above by substitution: 
 

     
         

  
 
  

  
              

 
  

   
               

 
                              

 
                                                 

  
 

And check  
                                         

 
Solve VL and IL at distance D=βD=π/4  
 

           
 
         

 
    

 

     
  

  
    

 
    

  

  
   

 
    

 
 
using Euler’s formula 
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Check that impedance at load is correct; 
 

   
    

    
 
           

            
                     

 
 
Voltage or current Reflection coefficient is (at load) 
 

   
     
     

 

 

   
         

         
 

      

          
             

 
and at generator 
 

   
      
      

 

 

   
              

              
 

           

            
              

 
Return Loss in dB is 

              
 
                        
 
Power Reflection coefficient is 
 

      
     
     

 
 

 

      
         

         
 
 

               

 
 
 
 
Voltage Standing Wave Ratio is 
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3.3 Using Smith Chart 

 
Many of the above parameters can be read directly from the Smith Chart without calculation 
and others calculated by using them. 

 
1. Normalize ; ZL’= ZL/50, ZL’=1+ j0,6Ω ->find point on the Smith chart  
2. Draw a circle to that point with its center in the center of the chart 
3. From center point extend a line through ZL’ to the scale “wavelengths towards generator”-> 

read “λ at load# =0,148 
4. Move on the scale towards generator (clockwise) and add transmission line’s λ/8=0,125 

units and arrive to “λ at generator”=0,273 
5. Draw a line from point λ at generator to the center of the Smith Chart, read ZIN’=1,83-j0,3 
6. Convert ZIN’ back to system impedance level 50Ω 

 
ZIN=50x1,74- 50x j0,3≈87-j15Ω 

 

 
 

Kuva 3:Transmission line 
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- From the circle drawn above, draw from the crossing of the circle and the horizontal axis a 

straight line down to “radially scaled parameters” 
 
 

 
Kuva 4:Radially scaled parameters, SWR, Return Loss, Reflection Coefficient 

 
- From the scale “SWR” read SWR ≈ 1,82 
- From the scale “dBs” read SWR in dB ≈ 5,2dB 
- From the scale “RTN LOSS(dB)” read R in dB ≈ -10,7dB 

- From the scale “RFL COEFF,P” read power reflection coefficient      ≈ 0,082 
- From the scale “RFL COEFF,E or I” read reflection coefficient for voltage or current |ΓL |= 

|ΓG| ≈ 0,285 
- From the circular scale “Angle of reflection coefficient” read in the intersection of lines 

drawn in steps 3 and 5 and this scale the corresponding angles of reflection coefficient , 
angle of ΓL≈73° and angle of ΓG≈16,6° 

 

4. Distance to first voltage maximum and minimum 

 

5. Impedance matching 

 

5.1 Shunt-series L-Network, by calculation 

 
 
Load  impedance Z0 = RL+jXL shall be matched to system impedance Z0 to maximize power 
transfer from generator to load.  Matching L- network consists of shunt susceptance jB and 
series reactance jX . 
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Kuva 5:L-network matching 

 
Calculate first impedance Z1, Load ZL in parallel with jB 
 

   

 
  

        

 
  

         
 

        

          
 

Develop Z1 further to separate its real and imaginary parts: 
- Multiply numerator and denominator of Z1 with (1-BXL-jRLB)-> 

 
 

   
                    

       
    

   
 
                       

    
   

       
    

   
 

 

 
           

    
   

    
           

   
 
           

    
   

   
    

           
 

 
Real part of Z1 has to be equal to the system impedance Z0 -> Solve B to fulfill that condition 

  

   
    

           
    

 

   
    

            
  
  

  

     
    

                      

 
This is a quadratic equation which roots are 
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Kaava 2 

Series reactance jX has to compensate  the imaginary part of Z1 
 
 

       
    

   

   
    

           
    

and because 
  

   
    

           
 
  
  
  

    

 

       
    

   

  
  

    

 
 

   
      

    
   

  
  

 
            

    
  

  
  

 

  
      

    
       

  
 

 
Kaava 3 
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5.1.1 Example: Match load  

 

 

 
 

 
 
 

Kuva 6: Allowable Load impedance area for shunt-series network in Smith Chart representation 
 

Shunt C, series L Shunt L, series C 
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5.2 Series shunt- L-Network, by calculation 

Matching L- network consists of a series reactance jX and a shunt susceptance jB. 

 
Calculate first impedance Z1, Load ZL in series with jX 
 

                     
 

   
 

  
 

 

          
 

 
Develop Y1 to separate its real and imaginary parts, multiply numerator and denominator by 

           
 

   
          

  
           

  
          

  
    

         
 

 
Real part of admittance Y1 must be equal to 1/Z0 -> 
 

  

  
    

         
 

 

  
  

 

          
    

          
 

  
           

      
    

       

 
  

                 

Kaava 4 

Imaginary part of admittance Y1 has to compensated by B, and  
 

  

  
    

         
 

 

  
 

  
    

  

    

    
 
                

    
 

 
  

           

 
  

    

     

 
 

  
  

       
  

  
 

Kaava 5 
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5.2.1 Example: Match load 

L-network match, series- shunt 
 

 
 

Series L, Shunt C  Series C, Shunt L  

                

                 
        

 

                

                 
          

 

  
  

       
  

  
 
  

       
  

  
          

  
       

  
  

 
  

       
  

  
         

  
     

        
        

  

 
      

        
        

  
    

        
         

 

              
        

 
 

 
 

Kuva 7: Allowable Load impedance area for series -shunt -network in Smith Chart representation 
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5.2.2 Example: Match load  

 

 
 
 

Shunt C, series C Series C, shunt C 

  
    

  
  

    
    

       

   
    

  
 

 
      

  
                

         
 

                                                   
           

 

                 

                
         
                                          
             

   
        

        
             

 

              
         

  
      

    
       

  
 

 
                          

  
 

                     
 

  
  

       
  

  
 
  

       
  

  
 

                     
                                    

   
 

              
            

     

        
         

 
 
 

 
Kuva 8 Allowable Load impedance area for capacitors only-network in Smith Chart representation 
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5.2.3 Example: Match load  

 
 

 
 
 

Shunt L, series L Series L, shunt L 
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Kuva 9 Allowable Load impedance area for inductors only-network in Smith Chart representation 
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5.3 Shorted parallel stub as tuning element 

 
Load matching can be achieved by paralleling a length of a short circuited transmission line 2 
(length D2) placed at a proper distance (transmission line length D1) from the load. Both 
transmission lines here are assumed to be lossless and having a characteristic impedance Z0.  
 

 
Impedance towards the load as seen in front of transmission line 1 is 

 

     
            

            
 
                      

                    
 

              
       

                     
 

 

   
                     

              
       

 
                     

              
        

 

 
Develop Y1 further to separate its real and imaginary parts: multiply numerator and denominator 

by                
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real part of admittance Y1 has to be equal to 1/Z0 , because stub to be calculated later will 
compensate the imaginary part-> 
 

             

  
    

                
        

 
 

  
  

 

  
           

 
        

                   
           

 

   
          

                   
 
   

          
 
 

        

 

 
               

      
          

    
       

    
       

 

  

Kaava 6: Length of transmission line in shorted stub matching 

 
Only the positive root is meaningful. 

 
Length of transmission line D1 is 

   
   

  
  

 
Impedance Z2 of the shorted stub of length D2 is, because ZL,stub =0  

 

     
         

  
                

 

         
   

  therefore  
 

               
  

 

  
            

     
  

 

  
       

               
 

 

          
  

 
 

        

 

 
              

           
  

 

  
          

  
 

  
    

 

 
 

 

Kaava 7: Length of shorted stub in shorted stub matching 

 
Length of stub D2 is 
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5.4 Open series stub as tuning element 

 
Load matching can be achieved by a length of a open transmission line 2 (length D2) placed in 
series at a proper distance (transmission line length D1) from the load. Both transmission lines here 
are assumed to be lossless and having a characteristic impedance Z0.  
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6. Lossy transmission line terminated with an arbitrary impedance 

Wave functions for voltage and current as function of distance z (z=0 at generator side of the line) 
for a lossy transmission line are 

 

                      
 

     
  

  
       

  

  
      

Where 
 

                       

Kaava 8:Propagation constant 

  =Propagation constant     
 

 
 

α = Attenuation constant    
 

 
; α/dB=20 log eα =20α log e = 8,686 α 

β = Phase constant     
   

 
 

R, L, G, C = Transmission line distributed constants 
 
The velocity of propagation or the phase velocity is given by  
 

   
 

 
 

 

   
 

Kaava 9: Speed of propagation 
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and the characteristic impedance Z0 is 

    
     

     
 

Kaava 10:Characteristic impedance of a lossy transmission line 

 
 
 

   
  
  
 
                

  

  
       

  

  
     

 

 
Because 

                                              
 

        
  

  
        

  

  
      

 
V- and V+ can be solved 
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and V(z) and I(z) now expressed as 
 

                      
 

      
  
 
         

               
         

 

     
  

  
       

  

  
      

 

     
  
   

         
               

         

and by assigning z’ = l-z; 
 

      
  
 
         

            
      

     
  
   

         
            

      

These functions can be written as 

       
  
 
        

    
  
 
        

     
     

         
   

 
 
     

          
    

 
 

 

 
     

   

 
 
     

    

 
 
     

   

 
 
     

    

 
 

 
 
 

            
   

 
     

 

 
       

   
 
     

 

 
  

 
Because 
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Kaava 11: Voltage of a lossy transmission line as function of distance 

 

     
  
   

         
            

      
    
  

 
   

 
     

 

 
  

    
  

 
   

 
     

 

 
  

       
  
  

           
            

    

Kaava 12: Current of a lossy transmission line as function of distance 

 
Load impedance at distance z’ from the load is 
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divide numerator and denominator by cosh (    -> 
 

        

  
          
          

   
          
          

 

  
          
          

   
          
          

 

and when 
 

          

          
            

 
 

        
              

  

              
  
  

 
at generator, when  z’=l 
 

              
               

               
  

Kaava 13:Input impdance of a lossy transmission line 

 
Furthermore, as         and 
 

           
                 

                   
 

 

      

       
                   
                     

 

      
                   
                     

 
 

 
Power  supplied by the generator is 

     
 

 
        

   

Kaava 14:Power supplied by the generator 

 
 
Power delivered to the load is 
 

     
 

 
       

   
 

 
 
  
  
 
 

   
 

 
    

    

Kaava 15: Power transmitted to load 

Where 
VG, IIN, VL and IL are the peak values of voltage and current. 
 
 
Voltage reflection coefficient 
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At load (z=l) 

        
     
     

      
    

Kaava 16:Voltage reflection coefficient at load 

     
  

  
     

  

  
              

     

At distance z 
 

        
            

        
 
 
 
 
 
Voltage standing wave ratio is defined as 
 
 

     
      

      
   

     

     
 

 
Kaava 17:Voltage standing wave ratio 

6.1 Example:  
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Calculate: 
a) Transmission line propagation constant   
b) Velocity of propagation in the transmission line 
c) Input impedance ZIN 
d) Input current IIN 
e) Characteristic impedance of transmission line Z0 
f) Voltage at load VL 
g) Load current IL 
h) Transmission line voltage at 10m from the load 
i) Power delivered by the generator PavG 
j) Power delivered to the load PavL 
k) Voltage reflection coefficient at load ΓL 
l) Voltage standing wave ratio VSWR 

 
              
                                           
              
                                                
 
Calculate    α   d β from the distributed constants 
 

                        
 

                                                          

                   

                                         
 
                              

                  
(other root ‘s real part is negative, meaningless here) 
 

          
 

 
          

   

 
 

Velocity of propagation is 
 

   
 

 
 

 

   
 
       

     
       

    

 
                                

 
 
Calculate Z0 (Select root with positive real part) 
 

    
     

     
  

                 

                  
                 

                                                                            
                  
 
Calculate ZIN 
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Calculate IIN 

 

    
   
   

 
       

             
              

 
 
 
Solve V+ and V- 

                         

           
  

  
 
  

  
             

 
By substitution: 
 

    
         

                
 

  

                
               

 
  

   
                  

 
                              

 
                                                  

 
 
 

Voltage at load (z=l) 
 

                           
 

     
                                            

                                             
 

                                                         
                                                         

                                                                        
                              
 
Current at load (z=l) 
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Voltage at an arbitrary point (z’) along the transmission line can be obtained (e.g. 10m from load) 
 

                    
            

    
 
Because  

                                         
 
and 
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Voltage reflection coefficient at load is 

   
     
     

 

 

   
                         

                         
                           

 
Voltage standing wave ratio is 
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7.  Half-wave transmission line impedance transformer 

 
A half- wavelength transmission line can be used as an impedance transformer. In this example the 
transmission line is assumed to be lossless. 

 
 

Kuva 10:Half-wavelength 1:4 impedance transformer 

 
Kuva 11:Half-wavelength impedance transformer, schematic 
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Kuva 12:Half-wavelength impedance transformer, lumped model 

 
Load ZL in this case is connected across the transmission line as shown in the schematic diagram. 
The resulting load impedance needed in the calculation of the transmission line input impedance 
ZIN is therefore unknown, as it depends on the actual voltage u2 and current i2 at the end of the 
transmission line, which both depend on the resulting load impedance. 
 
To be able to solve voltage and current along the transmission line an iterative method must be 
used. 
 
1. Calculate ZIN with an seed value (guess) of “reduced” load impedance ZLR 

 

 
 

      
            

            
 

2. Calculate IIN 
 
 

    
   
   

 

 
3. Solve and calculate V+ and V- 
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4. Calculate V and I at distance D (at the end of the transmission line) 
 

                                                 

     
  

  
                     

  

  
                   

 
 
 
5. Calculate the current i2 through actual load ZL across the transmission line which would be 

caused by u1 and V(D) 
 

   
       

  
 

 
6. Calculate –i2 
 
7. Compare - i2 with I(D), both magnitude and phase shall match when “reduced” load impedance 

ZLR is correct, if no match, change the initial reduced load impedance estimate and re-calculate. 
 

8. When –i2 and I(D) match, voltage and current can be calculated at any point of the 
transmission line. 
 

7.1  Example 

 
Define input impedance Zin, voltage u2, currents i,  i1 and i2 and voltage and current along the 
length of the λ/2 transmission line. 
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β=2π/λ=2πf/vp=2π175*106/(0,82*3*108)=4.4697 1/m 
βD=(2π/λ)*( λ/2)=π 
 
Calculate ZIN with a seed value (guess) of “reduced” load impedance ZLR = 70 + j0 (arbitrary) 

 

      
            

            
   

             

               
       

 

    
   
   

  
    

    
         

 

   
           

 
 
                 

 
           

 
                                     
 
 

                                                 

                                                                   

 

     
  

  
                     

  

  
                   

 
           

  
                      

         

  
                             

 

   
       

  
 
             

      
         

                        
 

                                 
 
Make a new estimate for ZLR = 100 +j0; do the calculation above again; 
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                   , so ZLR is correct. 
 

                                 
 

    
  
 
 

      

        
      

so Zin/ZL=1/4. 
V(D) and I(D) can be calculated by varying D in the above formulas resulting in following 
distribution: 

 
Kuva 13:Voltage along t-line 

 
Kuva 14:Current along t-line 


